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Numerica l  methods a re  used to study nonstat ionary coll is ionless shocks in a p lasma propagat-  
ing at some a rb i t r a ry  angle to the unperturbed magnetic field in cases  where the e lec t r ica l  
conductivity and electron thermal  conductivity have finite values.  

Effects re la ted to coll is ionless shock waves in a low-densi ty p lasma have been studied experimental ly  
and theoret ical ly;  numer ica l  methods of modeling on a computer  have been used in [1-7]. The s t ruc ture  of 
the shock waves is determined by the nonlinearity, dispersion, and dissipation effects.  Crit ical  values of 
the Mach number M ,  have been determined at which there is a qualitative change in this s t ruc ture .  

Morton [4] has studied in detail both s ta t ionary and (to a l e s se r  extent) nonstat ionary compress ion  
waves in a two-fluid p lasma with an a rb i t r a r i ly  oriented magnetic field; he does not include dissipation of 
the energy required  for the formation of shock waves or  thermal  conductivity. In [6, 7], an analysis  of the 
singular points of the equations describing the s t ruc ture  of the shock waves leads to the cr i t ica l  pa ramete r s  
for  which the solution becomes  discontinuous. The solutions of the s t ruc ture  equations are  given in [7]. The 
propagation of nonstat ionary shock waves ac ros s  a magnetic field is considered in [5] where the effect of 
e lect r ical  conductivity and electron thermal  conductivity are  taken into account and the iso magnetic jump 
in density for  an almost  constant magnetic field is studied. 

This paper  is devoted to a study by numerical  methods in the two-fluid hydrodynamic approximation 
of the st.ructure and cr i t ical  pa r ame te r s  of nonstat ionary shock waves propagating in a low-densi ty plasma 
at an a rb i t r a ry  angle to the unperturbed magnetic field in cases  where dispersion, e lec t r ica l  conductivity, 
and e lectron the rmal  conductivity are  taken into account. 

We take the wave propagating along the x axis and assume that the unperturbed magnetic field H 0 = 
{Hx, 0, I-I z} lies in the xz plane, making an angle 0 with the z axis. The initial sys tem of equations can be 
writ ten 
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H x = Ho sin 0 

Here u=  {u, v, w} is the macroscopic  veloci ty of the plasma,  a =ne2/me v is the conductivity, ~ l  is 
the electron thermal  conductivity, 7 is the adiabatic coefficient, v is the effective collision frequency of 

Novostbirsk.  Trans la ted  f rom Zhurnal Prikladnoi Mekhaniki i Tekhnieheskoi Fiziki, No. 3, pp. 10-1b, 
May-June, 1973. Original ar t icle  submitted October 24, 1972. 

�9 1975 Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission of  the publisher. A copy of  this article is available from the publisher for $15.00. 

302 



zr  ! 

g.8 ," 

2/Y 
[ 1 I cl%i I 

/g /Z /# 16 

l 

I 

g 

l 

l 

~ A  

[ V f ' -  

Fig.  1 Fig.  2 

the p l a s m a  p a r t i c l e s  with the f luc tua t ions  in the e l e c t r o m a g n e t i c  f ie ld  (taken to be cons tant ) ,  p =taT is the 
e l e c t r o n  p r e s s u r e  (the ions a r e  a s s u m e d  cold). 

In o r d e r  to solve the n o n s t a t i o n a r y  p r o b l e m  we wr i t e  (1) in d i m e n s i o n l e s s  v a r i a b l e s  and L a g r a n g i a a  
c o o r d i n a t e s  
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H e r e  the magne t i c  f ie ld  componen t s  Hy, z, the p r e s s u r e  p, the E u l e r i a n  and  L a g r a n g i a n  c o o r d i n a t e s  
x, ~, the  t i m e  7, the ve loc i ty  componen t s  u, v,  w, and the speci f ic  vo lume  V a r e  m e a s u r e d  in un i t s  of Ho, 
Ho2/87r ' c/w0 ' co.-1, VA ' andn0, r e s p e c t i v e l y ,  where  w ,  is the hybr id  f r equency ,  V A is the Alfv~n ve loc i ty ,  
and the va lue  of ~ is t aken  to be cons tan t .  

We a s s u m e  that  at the in i t i a l  m o m e n t  of t i m e  a u n i f o r m  cold p l a s m a  with P0 << H02/87r and dens i ty  n o 
occup ies  the reg ion  0 -< x-< Xma x (0-< ~ -< ~ max ) and that  at the left  b o u n d a r y  of th i s  r eg ion  the magne t i c  f ie ld  
i n c r e a s e s  with t i m e  in some  def ini te  way; we can w r i t e  the in i t i a l  and bounda ry  condi t ions  as  

x ( L 0 ) = ~ ,  y ( ~ , 0 )  ..... t ,  H = ( L 0 ) - - c o s 0  
H : , ( L O ) = p ( L 0 ) = u ( L 0 ) = ~ ( L 0 ) = w ( L 0 ) =  T(L0)=0 

H= (0, ~) = t + A (i - -  e-~'), 

p (0, ~) = -~(0,aT' ~) = 0 

OHm, OH z 0 (u. v, w) 
a~ (~max, T) = ~ (~m,~x, T) = ~ (~,n:~x, T) = 0 

where  co is  the f r e q u e n c y  of the e x t e r n a l  f ie ld  in un i t s  of w .  and  A is  the ampl i tude  of th i s  f ie ld  in un i t s  of 

H0. 

The f i n i t e - d i f f e r e n c e  ana log  of the d i f f e r en t i a l  p r o b l e m  (2)-(4) was  p r o g r a m m e d  on a BESM-6 c o m -  
pu te r .  

(3) 

(4) 
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We consider  the resul ts  obtained for  subcri t ical  Maeh numbers  (M < M,) .  

It is shown in [5] that a shock wave propagating ac ross  the magnetic field (0=0) is quasis ta t ionary 
for M < 2.5 and that allowance for thermal  conductivity produces only a ve ry  small  increase  in the width of 
the front. In this  paper  we are  mainly interested in waves t ravel ing at some angle to the unperturbed field 
(oblique waves with 0 r 0, 0 ~ 90 ~ or along it (longitudinal waves with 0 = 90~ 

Consider the case 4-fi<< 0 < r /2 .  It follows f rom the dispersion law for oblique waves (see, for 
example, [8]) that the shock wave profile has an osci l la tory  leading t ra in  (or p recursor ) .  Typical quas i -  
s ta t ionary profi les  of the t r ansve r se  magnetic field components (I is H z and II is Hy) for  an oblique shock 
wave are shown in Fig. 1. The spatial scale of the oscil lat ions depends on the angle 0 and its o rde r  of 
magnitude can be es t imated from the equation 6 ~ cO/woi. The total width of the front including the t ra in  
depends on the wave velocity,  the angle 6, and the amount of dissipation and can be es t imated f rom the equa-  
tion A ~ V A M O f / v f i  [21. Calculations for A =2 and u =8 give for 0 =30, 45, and 60 ~ the values 6 = (0.8,1.2, 
and 1.8)c/w0i , andA= (3.5, 6, and 9.5)c/w0i, respect ively  (w0i is the ion plasma frequency). There is a phase 
difference between the magnetic field components and its value can be found f rom the equation tan ~0 ~ M0. 
(1-02/M2)~t. Thus ~0 ~70 ~ for the case M=l .3 ,  0 =30 ~ ~ =8. The magnetic field profi le leads the density 
profile near  the front by a distance 

L N c  2 / 4 ~ V A ( M - I ) < c 0 /  r 

as a resul t  of the res is t ive  dissipation mechanism [2]. When A =2, O= 30 ~ and ~4= 8, for example, L ~ 0.2 
c/w0i~ An increase  in the effective collision frequency u (or ~ = u /~ . )  changes the shape of the profile 
f rom osc i l la tory  to monotonic. The oscil lat ions disappear  when the d ispers ion size c0/w0ibecomes compar -  
able to the dissipative size c2/(4~ erVAM). Thus when A =2, 0 =30 ~ the profi le  becomes  monotonic f o r ~ =  
i6 (~ =16w.) .  

The shock wave s t ruc ture  changes as the angle 0 gets sma l l e r .  When 0 >> fl 1/2 the dispersion is r e -  
lated to the anisotropy of the p lasma (ion dispersion),  and when 0 << ill/2 it is caused by the electron inertia 
(electron dispersion). The dispersion laws are  quite different for these two cases  (~/k  increases  with the 
wave number k in the f i r s t  case but dec reases  in the second). The shock wave s t ructure  is therefore  differ-  
ent in these limiting cases  (oscillations leading or  lagging). As the value of 0 approaches 0 = fl 1/2 the 
shock wave takes on an intermediate s t ruc ture :  oscil lat ions with charac te r i s t i c  size 6 ,.~ c / w  o behind the 
front and oscil lat ions with 6 ~ c/w0i beyond the front.  

Figure 2 shows the t ransformat ion  in the magnetic field profile as the angle 0 between the plane of 
the front and the direction of the unperturbed magnetic field is altered. The curves  denoted by the numbers  
1, 2, 3, 4, and 5 cor respond  to values of 0 =0, 2.5, 4, 5, and 6 ~ As the angle 0 is reduced, there  is a devel-  
opment of the osc i l la tory  s t ruc ture  behind the front and a decrease  in the leading oscillations. For  M ~ 2, 
a double front s t ruc ture  is observed for angles of 0 lying in the range 0min - 0 <- 0max, where 0 min ~2~ 
0max ~6~176 An increase  in the Mach number produces a r i se  in 0min. Thus, for M ~2.3,  0 m i  n ~2.5 ~ 

We consider  now the propagation of shock waves along H 0 (0 =90 ~ at comparat ively  low frequencies 
w ~ w i =eH0/mic ("switch-onW wave). The amplitude and veloci ty of switch-on shock waves are  bounded 
f rom above by the values ~ 1.5H 0 and - 2V A [9]. A typical profile for the magnetic field of a shock wave 
propagating along H 0 is shown in Fig. 3. Curve I corresponds  to the instant of t ime t = 13wi-t '  and curve 
II to t= 17coi-1 (M --~ 1.2, w =0.5 wi, A = 1.3). The profile is actually the superposit ion of two waves because 
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in the l inear approximation two waves with frequencies  w ~ w i can propagate along the magnetic field; 
these waves have r ight -  and left-handed c i r cu la r  polarization. The dispersion laws for the two waves are 
different so that the magnetic field profile in a switch-on shock contains osci l lat ions both behind the front 
and beyond it. The fas te r  wave, which has a resonance at w =eH0/mec , leads the s lower wave (with r e s o -  
nance at co =eH0/mic) and there  is a spatial separat ion of the shock wave profile into two par ts  which differ 
in the na tu reo f the i r  oscil lations.  A decrease  in the frequency of the external  field (to values of the o rder  of 
0.1 cob for  example) makes the two phase veloci t ies  approach each other  so that the profile separation no 
longer occurs .  

We now consider  the case of large Mach numbers.  An increase  in the Mach number produces a change 
in the shock wave s t ruc ture  as a resul t  of the inc reased  effect of nonlinearity and nonstationarity.  For  
t r ansve r se  propagation including the effect of the rmal  conductivity there  is a quas is ta t ionary  isomagnetic  
jump in density for Mach numbers  2.8 ~ M ~ 3.3,and for M ~ 3.4 the shock wave s t ructure  is broken up [5]. 
Calculations show that for  oblique and longitudinal waves at sufficiently high Mach numbers  there is a con- 
tinuous increase  (in the absence of thermal  conductivity) in the curvature  of the density profile and the 
x-component  of the par t ic le  velocity.  The solution approaches discontinuity in these functions. The values 
of the cr i t ica l  Mach number M,  v a r y  with the angle 0 as shown below: 

O ~ 0 30 45 60 85 90 
M, 2.8 2.6 2.3 2.1 i.65 i.6 

Thus, as the angle 0 between the plane of the front and the direction of the unperturbed magnetic field 
H 0 increases ,  there  is a decrease  in the value of the cr i t ical  Mach number M.  at which break-up of the 
shock waves is observed.  

Allowance for the electron thermal  conductivity leads, for oblique waves, to the appearance of an i so-  
magnetic jump whose width is determined by the coefficient of thermal  conductivity. The cr i t ical  Mach 
numbers  M* for  fixed 0 are  higher than those obtained when the rmal  conductivity can be neglected. Calcula-  
t ions for • =0.1 ~ for angles 0 =0 and 30 ~ give M .  =3.5 and 2.9, respect ively.  

An analysis  of the resul ts  for the case where 0 =90 ~ shows that an increase of the Mach number of a 
switch-on shock leads to a continuous decrease  in the amplitude of the magneti~ field and a sharp r i se  in 
the gasdynamic p res su re .  The cr i t ical  pa r ame te r s  of a switch-on shock at which inversion occurs  have 
been obtained when the amplitude of the external  field at the p lasma boundary A =1.7 and are  equal to M,  - 
1.6 and H, -~ 1.0. 

Let us consider the effect of electron heating behind the wave front. Experimental results [3, i0] and 
theoretical predictions [1] indicate the preferential heating of the electron plasma component in the front 
by a eollisionless shock wave,and so in the case of (2)-(4) we take into account only the electron pressure, 
i.e., we assume that T e >>T i throughout. 

Figure 4 shows the solution of the nonstationary problem (2)-(4) for 0 =30 ~ (curve If), the experi- 
mental variation of pressure behind the shock front with the amplitude of the magnetic field (obtained on 
the UN-4 apparatus at the Institute of Nuclear Physics, Siberian Branch, Academy of Sciences of the USSR 
[i0], curve Ill) and the Hugoniot adiabatic (curve I) which characterizes the variation of the total gasdynamic 
pressure p =Pc +Pi with the amplitude of the shock. It can be seen that the electron pressure Pe =nTe is 
almost equal to the total pressure of the plasma. This confirms the theoretical prediction that there is 
preferential heating of the electron component when M < M,  and H < H..  Similar conclusions can be drawn 
for shock waves propagating across the unperturbed magnetic field [3]. 

The author thanks Yu. A. Berezin for valuable discussions. 
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